The triple linking number for a surface-link is a generalization of the linking number for a classical link. It is a link homology invariant. Link homology classes of classical links are determined by their linking numbers. However link homology classes of surface-links are not determined only by the triple linking numbers. We introduce new invariants, called double linking invariants, and show that link homology classes of surface-links are completely determined by the double linking invariants and triple linking numbers.
Introduction
By a surface-link we mean a closed oriented surface F embedded in R 4 locally flatly. For a 3-component surface-link F = K 1 ∪ K 2 ∪ K 3 , the triple linking number, Tlk(K 1 , K 2 , K 3 ), was defined in [2] using its projection in R 3 in a way that is analogous to the linking number in classical knot theory. This is a link homology invariant. We introduce another linking invariant, called the double linking invariant and denote it by Dlk(K 1 , K 2 ). This is defined for a 2-component surface-link and valued in Z 2 = {0, 1}. The double linking invariant is also a link homology invariant. We prove that the link homology class of a surface-link with n components is completely determined by the double linking invariants and triple linking numbers.
Two n-component surface-links F = K 1 ∪ . . . ∪ K n and F ′ = K ′ 1 ∪ . . . ∪ K ′ n are link homologous if there is a compact oriented 3-manifold W properly embedded in R 4 × [0, 1] such that W has n components W 1 , . . . , W n with ∂W i = K i × {0} ∪ (−K ′ i ) × {1}. 
for all distinct i, j, and
for all distinct i, j, k, where i, j, k ∈ {1, . . . , n}. 
).
For our purpose, it is convenient to generalize the notion of an n-component surface-link as follows. An n-partitioned surface-link is a surface-link each component of which is labeled by an integer from {1, . . . , n} and all such integers are used. When an n-partitioned surfacelink is denoted by F = K 1 ∪ . . . ∪ K n , it is assumed that K i is the union of components of F with label i. An n-component surface-link is a special case of an n-partitioned surfacelink such that each K i is connected. Two n-partitioned surface-links
n be the set of link homology classes of n-partitioned surface-links. In C ′ n , define the sum [F ] + [F ′ ] of [F ] and [F ′ ] by the class of an n-partitioned surface-link which is the split union of F and F ′ . Then C ′ n forms an abelian group. There is a canonical isomorphism C n → C ′ n . Thus, the reader may regard C ′ n as C n .
This paper is organized as follows: In Section 2, we give the definitions of double linking invariants and triple linking invariants, and prove that they are link homology invariants. In Section 3, the notion of a Hopf 2-link is introduced. Using it, we prove a special case of Theorem 1.1 where F is a 2-component (or 2-partitioned) surface-link. Section 4 is devoted to proving Theorem 1.1. Theorem 1.2 is proved in Section 5.
Remark. Related concepts to link homology are as follows. In the definition of a link homology, if each component of two links cobounds an embedded product
, then they are called link concordant (or cobordant). Clearly link concordance implies link homology. Refer to [6, 7, 17, 18] , for example, for link concordance for surface-links in dimension 4. Two links are link homotopic if they are related by homotopy which allows self-intersections of each component but does not allow intersections between distinct components. By smoothing out self-intersections of such a homotopy after putting it in general position, it is seen that link homotopy implies link homology. See [1, 8, 10, 11, 12, 14] , for example, for link homotopy in dimension 4. In the next section, we prove the double linking and triple linking invariants are link homology invariants. Therefore, they are also link concordance invariants and link homotopy invariants.
Double Linking and Triple Linking
Let F = K 1 ∪ . . . ∪ K n be an n-component or n-partitioned surface-link and let F * = p(F ) be a surface diagram of F with respect to a projection p : R 4 → R 3 . For the definition of a surface diagram, see [5] for example. The singularity set of F * consists of double points and isolated branch/triple points. The singularity set is a union of immersed circles and arcs in R 3 , which is called the set of double curves. Two sheets intersect along a double curve, which are called upper and lower with respect to the projection direction. A double curve is of type (i, j) if the upper sheet comes from K i and the lower comes from K j . We denote by D ij the union of double curves of type (i, j). We review the notion of the triple linking invariants, cf. [2, 3] . At a triple point, three sheets intersect transversely. They are called top, middle, and bottom with respect to the projection direction. A triple point is type (i, j, k) if the top sheet comes from K i , the middle comes from K j , and the bottom comes from K k . Let n 1 , n 2 , n 3 the positive normal directions to the top, middle, bottom sheets respectively. The sign of a triple point is defined to be positive if the triple ( n 1 , n 2 , n 3 ) matches the orientation of R 3 , and negative otherwise.
Definition 2.3 ([2])
The triple linking invariant (or triple linking number ) among K i , K j and K k for distinct i, j, k is the sum of the signs of all the triple points of type (i, j, k). We denote it by Tlk(
The triple linking number does not depend on a surface diagram of F , since it is preserved under Roseman moves. So it is an ambient isotopy invariant of a surface-link. More strongly, we have the following.
Lemma 2.4 Double linking invariants and triple linking invariants are link homology invariants
Proof. If F and F ′ are link homologous, there is a finite sequence of n-partitioned surfacelinks such that each surface-link is obtained from the previous one by an ambient isotopy of R 4 , by introducing or deleting a trivial 2-sphere in R 4 , by surgery along a 1-handle, or by surgery along a 2-handle. This fact is seen by considering a Morse function of a cobordism between F and
We may assume that their surface diagrams satisfy a condition that each diagram is obtained from the previous one by Roseman moves, by introducing or deleting a trivial 2-sphere in R 3 , by surgery along a 1-handle which yields no additional singularity, or by the inverse operation of such a 1-handle surgery. By these operations, the double linking and triple linking invariants are preserved.
Hopf 2-Links
A Hopf disk pair is a pair of disks D 1 and D 2 in a 3-ball B 3 such that there is a homeomorphism from B 3 to a 3-ball
homeomorphically. The boundary of such a disk pair is a Hopf link in B 3 .
A pair of solid tori
The boundary of a Hopf solid link is called a Hopf 2-link , which is a pair of embedded tori in R 4 . A simple loop f ((a point of B 3 ) × S 1 ) is called a core loop of the Hopf solid link and the Hopf 2-link. Any simple loop α in R 4 is ambient isotopic to a standard circle in R 3 ⊂ R 4 . Since there are only two equivalence classes of framings of α (or trivialization of N (α) ∼ = B 3 × S 1 ), any Hopf 2-link is deformed by an ambient isotopy of R 4 so that the projection is one of the illustrations depicted in Figure 1 . If it is deformed into the illustration on the left side, it is called a standard Hopf 2-link ; and if it is deformed into the illustration on the the right side, it is called a twisted Hopf 2-link .
We assume that a Hopf disk pair is oriented so that the boundary is a positive Hopf link. If the core loop is oriented, a Hopf solid link and a Hopf 2-link are assumed to be oriented by use of the orientation of the Hopf disk pair and the orientation of the core loop. (In this situation, we say that the Hopf 2-link is oriented coherently with respect to the orientation of the core loop.)
Remark. Let F = T 1 ∪ T 2 be a Hopf 2-link whose core loop is α. Then F is ambient isotopic to −F = −T 1 ∪ −T 2 in N (α), where −F means F with the opposite orientation. Let F ′ = −T 1 ∪ T 2 and −F ′ = T 1 ∪ −T 2 . Then F ′ and −F ′ are ambient isotopic in N (α). When α is oriented, one of F and F ′ is oriented coherently with respect to α, and the other is oriented coherently with respect to −α. gluing 1-full twist (1) F is standard. Let α and α ′ be mutually disjoint oriented simple loops in R 4 , and let F = T 1 ∪ T 2 and
be Hopf 2-links whose core loops are α and α ′ such that F and F ′ are oriented coherently with respect to the orientations of α and α ′ . Let α ′′ be an oriented loop obtained from α ∪ α ′ by surgery along a band B attached to α ∪ α ′ . Let W be a 4-manifold in R 4 whose interior contains α, α ′ and B.
Lemma 3.2 In the above situation, there is a Hopf 2-link
Proof. Consider a tri-punctured sphere Σ embedded in W × [0, 1] whose boundary is ∂Σ = ∂ 0 Σ ∪ (−∂ 1 Σ) with ∂ 0 Σ = (α ∪ α ′ ) × {0} and ∂ 1 Σ = α ′′ × {1}. There exists an identification of a regular neighborhood N (Σ) in W × [0, 1] with B 3 × Σ such that the Hopf 2-links F and 
be a Hopf 2-link whose core is α i for i = 1, . . . , m. Let
Proof. We apply fusion for F 1 , . . . , F m inductively so that we obtain a single Hopf 2-link
i ) = 0, we have Dlk(T ′ 1 , T ′ 2 ) = 0. By Lemma 3.1, F ′ is link null-homologous.
Proof. Let M 1 be a Seifert hypersurface for K 1 which intersects K 2 transversely. Consider the intersection M 1 ∩ K 2 , which is the union of oriented simple loops, α 1 , . . . , α m in K 2 (or the empty set). In what follows, α stands for
and by T (α) the boundary of V (α). They are oriented by use of the orientation of a meridian disk D 2 × { * } of N (K 2 ) and the orientation of α. Then [α] ∈ H 1 (K 2 ) corresponds to [T (α)] ∈ H 2 (E(K 2 )) by the isomorphism
obtained by the Poincaré and Alexander dualities, where E(K 2 ) is the exterior of K 2 . The surface
, where Cl denotes the closure. Thus, without loss of generality, we may assume that
forms a Hopf solid link in R 4 with core α, see Figure 2 (the figure shows a section transverse to α). Let N 2 (α; M 2 ) be a regular neighborhood of α in M 2 with N 1 (α; M 2 ) ⊂ intN 2 (α; M 2 ) and let A(α) be a 3-manifold Cl(N 2 (α; M 2 )\N 1 (α; M 2 )). By A(α), the 2-partitioned surface-link
′ is a Hopf solid link obtained from the Hopf solid link V (α) ∪ V 2 (α) by pushing out along N 1 (α; M 2 ) using A(α), see Figure 2 . We denote by α ′ a loop obtained from α by pushing off along M 2 so that α ′ is disjoint from M 2 and it is a core of the Hopf solid link
Therefore the 2-partitioned surface-link K 1 ∪ K 2 is link homologous to
Since M 2 is disjoint from V 1 (α) ′ and V 2 (α) ′ , the latter 2-partitioned surface-link is link homologous to
This is the disjoint union of Hopf 2-links whose cores α ′ 1 , . . . , α ′ m . Since Dlk(K 1 , K 2 ) = 0 and since double linking invariants are link homology invariants, we have
By Corollary 3.3, this 2-partitioned surface-link is link null-homologous.
Proof. By Lemma 2.4 and the definition of a double linking invariant, we see that the map is a homomorphism. It is injective by the above theorem. It is surjective, since Dlk(T 1 , T 2 ) = 1 ∈ Z 2 for a twisted Hopf 2-link T 1 ∪ T 2 .
Proof of Theorem 1.1
Let α be a simple loop in R 4 and let N (α) ∼ = B 3 × α be a regular neighborhood. We call a 3-disk B 3 × { * } ( * ∈ α) a meridian 3-disk of α, and the boundary a meridian 2-sphere of α.
be an embedding, and let p 1 , . . . , p m be points of S 1 . We call the image f (
Proof. (Step 1) Let M 1 be a Seifert hypersurface for K 1 which intersects K 2 , . . . , K n transversely. For each k (k = 2, . . . , n), let A 1k be the intersection M 1 ∩ K k , which is the union of oriented simple loops in K k (or empty). In what follows, A jk will stand for the inter-
and α ′ be the same as in the proof of Theorem 3.4, although we use K k here instead of
Step 2) Let M 2 be the Seifert hypersurface for K 2 used in Step 1. By the construction of A ′ 12 , M 2 ∩ A ′ 12 = ∅. We may assume that M 2 intersects K k and A ′ 1k transversely for each k (k = 3, . . . , n). Using M 2 , we apply a similar argument to Theorem 3.4 (or Step 1) to modify K 2 up to link homology. Here we note that, for k = 3, . . . , n, the intersection of M 2 and N (K k ) is V (A 2k ), and the intersection of M 2 and N (A ′ 1k ) is a union of some meridian 3-disks of A ′ 1k . By use of a 3-manifold which is M 2 removed these intersections, we see that F (1) is link homologous to an n-partitioned surface-link F (2) ′ which is the union of an n-partitioned surface-link
and some meridian 2-spheres of A ′ 1k with labels 2 for k = 3, . . . , n. The meridian 2-spheres are the boundary of meridian 3-disks that are the intersection of M 2 and N (A ′ 1k ). We assert that such meridian 2-spheres are removed up to link homology. The surface-link F (2) ′ is link homologous to the union of F (2) and some standard Hopf 2-links with a single bead whose core loops are small trivial circles in R 4 . Figure 3 is a schematic picture of this process (in projection in R 3 ), where an isotopic deformation and fission of a Hopf 2-link are applied. Figure 3 Recall that each bead corresponds to an intersection of M 2 and A ′ 1k . If the intersection is positive/negative, then the bead is linked to the Hopf 2-link (or the core loop) positively/negatively. Moreover, the Hopf 2-link is labeled by 1 and k, and the bead is labeled by 2.
The algebraic intersection number between A ′ 1k and M 2 is equal to that between A 1k = M 1 ∩ K k and M 2 . By Theorem 1.1 of [3] , this number is equal to Tlk(K 1 , K k , K 2 ), which is zero by the hypothesis. Thus the number of the positive intersections of M 2 and A ′ 1k is equal to the number of negative intersections. Divide the standard Hopf 2-links with a single bead into some pairs such that for each pair, the Hopf 2-links are labeled by 1 and k and the beads are labeled by 2 and linked with the core loops in opposite direction. For each pair, apply fusion to the Hopf 2-links and then the pair of beads can be canceled up to link homology. The remainder is a standard Hopf 2-link whose core is a trivial circle. Thus it can be removed up to link homology. Therefore we see that F (2) ′ is link homologous to F (2) .
(
Step 3) Inductively, we see that
Thus F is link homologous to
(Step 4) The surface-link F (n) is a union of Hopf 2-links whose core loops are components of A ′ ij for i, j with 1 ≤ i < j ≤ n. By an ambient isotopy of R 4 , we can separate the core loops belonging to A ′ 12 from the other loops. Since Dlk(K 1 , K 2 ) = 0, the union of the Hopf 2-links whose core loops belonging to A ′ 12 is link null-homologous (Corollary 3.3). Since Dlk(K i , K j ) = 0 for all i < j, we can remove the Hopf 2-links whose cores belonging to A ′ ij . Therefore F is link null-homologous.
Proof 
(ii) For distinct i, j, k, the assignment of Tlk(K i , K j , K k ) to F = K 1 ∪ . . . ∪ K n defines a homomorphism t (i,j,k) : C n → Z. Proof. It is sufficient to prove that Dlk(K 1 , K 2 ) = Dlk(K 2 , K 1 ) for a 2-partitioned surfacelink F = K 1 ∪ K 2 . By a similar argument to the proof of Theorem 3.4, we see that F is link homologous to a standard Hopf 2-link or a twisted Hopf 2-link. Then the equation is obvious. This subspace is isomorphic to Z n(n−1)(n−2)/3 ⊕ (Z 2 ) n(n−1)/2 . We assert that the image of f is exactly this subspace. In [2, 3] , it is shown that for any triple of integers (x, y, z) with x + y + z = 0, there exists a 3-component surface-link with t (1,2,3) = x, t (2,3,1) = y and t (3,1,2) = z. Considering a split sum of such surface-links with appropriate labels, we have an n-partitioned surface-link F = K 1 ∪ . . . ∪ K n such that the restriction of f ([F ]) to the first n(n − 1)(n − 2) factors (the free part Z n(n−1)(n−2) ) is arbitrarily given element of Z n(n−1)(n−2) satisfying the equations of Lemma 5.2. If we add a twisted Hopf 2-link with labels i and j to F as a split union, then the values of d (i,j) and d (j,i) change by one in Z 2 . Thus, adding twisted Hopf 2-links with suitable labels, we have F such that f ([F ]) is a given element of the subspace.
